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A mapping T : C -+ X defined on a subset C of a Banach space X is called 
nonexpansive if ]I TX - Tyll< )I x - y 11 for all x, y E C. A convex set K c X is 
said to have normal structure if for each bounded convex subset Cc K 
consisting of more than one point there is a point x E C such that 
sup{ 1(x - y (I : y E C} < diam C. A fundamental result of Browder [2], Gohde 
[5] and Kirk [7] states that if C is weakly compact and convex, and has 
normal structure, then every nonexpansive T : C + C has a fixed point. 
We recall now the following three properties each of which is known to 
imply normal structure, at least for weakly compact convex sets (cf. [8] for 
more such properties.) 
(4 (see [31) Cm e norm of) X is weakly uniformly KadecKlee 
(WUKK), i.e., there exist an E < 1 and a 6 > 0 such that for every sequence 
(x,) c X we have 
IlXnll 4 1 (n = 1, 2,...) 
x,&x *IIxIl< 1-d 
sdx,) > E 
(1) 
(sep(x,) is defined as inf{]]x, - x,]I : n # m}.) 
(B) (see [4]) X has uniformly normal structure. This means that there 
exists h E (0, 1) such that every bounded convex subset C c X contains a 
point x such that 
sup{]]x -y]I : y E C} < h diam C. (2) 
W (see Fl) X h as a finite-dimensional decomposition such that for 
each c > 0 there exists r = r(c) > 0 with the property that for every x E X 
and n E N we have 
IIPn(X>II = 1 and IIV-p,>xll> c* lbll > 1 + r (3) 
(the P, denote the projections associated to the decomposition). 
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It is our aim in this note to identify some more cases in which weakly 
compact convex sets have normal structure. We shall prove that if (x, 1) . ]li) 
has any one of the properties (A), (B) or (C) above, then in (X, ]I . ]I1 + I] + ]]J 
all weakly compact convex sets have normal structure, where ]I . ]I2 is any 
seminorm on X satisfying ]I * (I2 < y ]I . I(, for some y < co. The proof of this 
result rests on the following 
LEMMA. Let (X, (I . l/J be a Banach space and let II - II2 be a seminorm on 
X satisfying II - II2 < y II . II1 for some y < 00. Let us put 
II * II := II * II1 + II * IL. 
Suppose that (X, 11 . II) contains a weakly compact convex set C which fails to 
have normal structure. Then there exists a weak null sequence (y,) c X such 
that for every k E N 
I-+< C AjYk+j-Yk+I+l 
/I j=O I/ 1 
,I++ (4) 
holds for all I E IN and all 1, ,..., A, > 0 with Cj=, Aj = 1. 
ProoJ: Since C fails to have normal structure for (] . ]] there exists, by a 
well-known argument of Brodskii and Mil’man [ 11, a sequence (x,) c C 
satisfying 
iij% dll.II(xn+iY co{xi,..., x,}) = diam,,.l,{x~ : n E N 1. (5) 
Any subsequence of (x,) again satisfies (5) so we may, by weak 
compactness, assume that x, t “’ x. By applying first a translation and then a 
multiplication, we may further assume that 
x,&O 
and 
diam,,.,,{x, : n E N } = 1. 
(6) 
(7) 
In particular, (5) and (7) imply that 
lim l]xn]] = 1. 
n-m (8) 
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// $, A,x, - x, // I exists 
(9) 
for all 1 E R\l and all A r ,..., A, > 0 with 2 A, = 1. 
j=1 
Indeed, let us first choose a subsequence (xr’) of (x,) such that 
lim IIxi’) - xh”jl, 
n+m 
exists. Next we choose a subsequence (xi*‘) of (xy’) with x(1*) = xi” and 
such that 
lim IIIz,x’,*’ +&xi*’ - x(,*)IJI “-tCC 
exists for all A,, I, > 0 with A, + 1, = 1 (use the compactness of co{x,, x2} 
and a diagonal procedure). Suppose now that sequences (x:)),..., (xa)) have 
been chosen, each a subsequence of its predecessor, and such that 
XI 
(0 = x(i-l) ,..., .(i) 
1 l-1 
=x(i-l) 
i-l (i = 2,..., k) 
and with the property that, for each 1 < i < k, 
exists for all A I ,.,., li > 0 with JJj=, Aj = 1. Then select a subsequence 
(xikfl)) of (xkk’) with x(lk+‘) = xik),..., xLk’l) = xik’ and such that 
II 
k+l 
c Sxj"' " - xik' " 
j=l II 1 
exists for all A I ,..., A,+ I > 0 with cj”=+: lZj = 1 (again using compactness of 
finite convex hulls and a diagonal procedure). It is now clear that (x!,“‘) 
satisfies (9). 
It follows in particular from (9) that lim,,, llxnjll exists. To see this one 
needs to observe only that, by (6), there exist convex combinations Cj= 1 Ajxj 
with arbitrarily small norm. If we put 
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then, by (8), we have 
lim I(x,1j2 = 1 -a. 
“-CC 
Note also that 0 < a < 1, by (8) and the equivalence of 1) a II1 and 11 . 11. 
We shall now prove that 
for every 6 > 0 there exists N E N such that 
lim C A,x,+~-x, >a-6 
n-m II j=l II 1 




Suppose not. Then for some 6 > 0 there exists a sequence of convex com- 
binations 
I(k) 
2 /ljk)x,,+j =: yk 
j=l 
(k = 1, 2,...) 
with m, < m2 < ... such that 
II 
I(k) 
tk = ‘, 2T”*)’ (13) 
Using the fact that yk jw 0, choose ,L r ,..., pu, > 0 with cr= ,pk = 1 such that 
From (13) and (14) it follows that for sufficiently large n we have 
(14) 
This contradicts (lo), so the proof of (12) is finished. 
The argument hat proved (9) also works for the seminorm II . /I2 so, by a 
further refinement of the sequence, we may suppose that (9) holds also for 
11 . II*. Similarly, (12) holds for II . 112, with a replaced by 1 - a (trivially so if 
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GL = 1). Taking into account also (5) and (8), and the fact that )I . II= 1) . 11, + 
II * 1127 we arrive at the following conclusion: 
for every 6 > 0 there exists N E N such that 
(15) 
for all 1 E R\l and all I , ,..., 1, > 0 with c dj = 1. 
j=l 
Replacing the sequence (x,) by ((l/a) xJ, and suppressing this in the 
notation, (15) yields: 
there exists an increasing sequence (N,J c N such that 
II 
(k= 1, 2,...) (16) 
1 
for all 1 E N and all 1 I ,..., 1, > 0 with c lj = 1. 
j=l 
We now define the desired sequence (y,) as a subsequence of (x,). Put 
y, :=x,,,, and suppose that 
Yz = X,(Z) Y***) Yk = X,(k) 
with N, < m(2) < ..a < m(k) and m(i) > Ni (i = 2,..., k) have been defined so 
that (4) holds for (y,)i,,. Using (16), the fact that m(i) >Ni (i= 2,..., k) 
and the compactness of finite convex hulls, it now follows that for 
sufficiently large m(k + 1) > max(N,+ 1, m(k)) the sequence (y,)“,‘,: satisfies 
t4) if Yk, 1 := Xm(k+ 1) * This completes the proof. 
THEOREM. Suppose that a Banach space (X, II - [II) satisfies one of the 
properties (A), (B) or (C) above. Then for every seminorm II - II2 satisfying 
II ’ II2 G Y II * III f or some y < CO the space (X, II - 11) with (I - II = II - II1 + II . II2 
has the property that all its weakly compact convex subsets have normal 
structure. 
Proof: If not, then by the Lemma there exists a weak null sequence (y,) 
in X satisfying (4). We now treat separately the cases in which (X, 11 + Ill) has 
the properties (A), (B) or (C). 
Case of (A). Let E < 1 and 6 > 0 be such that (1) holds for the norm 
11 . Ill. Choose no E N so large that 
(l+-&-l(l-k)>~ and (If;) (l-J)<1 (17) 
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and pick n, > no so that 
llYnll1 > l+$ (1 -4 i 1 for nani. (18) 
(Observe that (4) implies lim, +oo 11 ynlll = 1.) Let us consider the sequence 
((1 + l/n,)-’ (y,, -yn,+,,)). Clearly, (4), (17) and (18) imply that 




1 (i ) 
-1 
sep l+- (Yn,-Y”,+,) b- I+’ --I 
n0 )-( n,) (l-;)=. 
Since I\(1 f l/n,)-’ y,,]], > 1 - 6 by (18), this contradicts (1). 
Case of(B). Let 0 < h < 1 be such that (2) holds for the norm 1) . )I1 and 
for every weakly compact convex C c X. Choose n, E N so large that 
(I+;)-‘(I--!-) >h. (19) 
Put C = ZY{y, : n > n,,}. It clearly follows from (4) that diami,.,,l C < 
1 + l/no and that sup{]jx-~11, :y E C) > 1 - l/no for every x E C. Thus, by 
(2), (1 + l/q,)-’ (1 - I/n,,) < h, contradicting (19). 
Case of (C). Choose 0 < c < 1 and r = I(C) > 0 such that (3) holds for 
the norm 11 s/Ii. 
Let us observe first that (3) implies that lIPnIl, < 1 (n = 1,2,...). Now fix 
no E IN so large that 
(l+-!.--l(l-$)>e and (l--2-)-1(l+-$ <l+r. (20) 
Next choose n, > no so that 
llYnll1 > 1-i for n>n, (21) 
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and then fix n so large that 
(22) 
Since y, +w 0 we have 
ll~,Ymll, < $ 
for a suffkiently large choice of m >, n, . 
Thus, by (22) and (23), 
1 +~>llY,,-Y,ll~‘/JJp,(Y”,-Y~)ll~ 
> IIP”(Y,,)ll1 - II~n(Yr?JII* > 1 -k-k= 1 -k 
and, by (21) and (23), 
IlV-P”>(Y,, -Y,>ll* > ll(~-~,>Ymll, - ll(~-~n)Yn,lll 
> IlYrnlll - II~n(Y!n>lll - $
(23) 
(24) 
> 1 --L!. 
no no 
Consequently 
and, by (25), (4) and (20), 
-L&3. 
no no 
1 - 3/n, 
> IIYq-Yrnlll 
> 1 - 3/n, > c 
1 + l/no * 
Hence, by (4), (24) and (3), 
1 + l/n, IIYn, -YmlL 
1-2/n,’ IIP,(r., -ym>llI ’ ’ + ” 
(25) 
and this contradicts the second part of (20). 
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